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Abstract — Spontaneous magnon decays in an S = % Heisenberg antiferromagnet on the equi-
lateral triangular prism are investigated in terms of modified magnon Green’s functions. In one
dimension, the so-called infrared divergence prevents us from calculating any —whether static
or dynamic— structure factor within the conventional spin-wave theory even at zero temper-
ature. The well-known modified spin-wave theory initiated by Takahashi completely fails to
treat anharmonicities to cause transverse-to-longitudinal coupling which are quite characteris-
tic of noncollinear antiferromagnets. We propose imposing a double-constraint condition on spin
waves to solve all these difficulties and get a full view of the nonlinear spin-wave dynamics in
one-dimensional frustrated noncollinear antiferromagnets. We reveal a novel instability of the
single-particle spectrum in the absence of any well-defined magnetically ordered ground state.
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There are such surprises on the way from one- to two-
1

dimensional quantum magnets [1-6] that the S = 5 an-
tiferromagnetic Heisenberg model on ladders exhibits an
excitation gap immediately above the ground state when
consisting of an even number of legs whereas that re-
produces the quantum critical Tomonaga-Luttinger lig-
uid behavior [7] of a single chain [8,9] when consist-
ing of an odd number of legs. We can verify this
theoretical scenario in various ladder materials such as
two-legged LaCuOaq 5 [10], two-legged CaV,0;5 [11], and
2(n + 1)-legged Sr,,—1Cup4102, (n = 3,5,...) [12,13].
There are more interesting approaches to form these
ladder materials into a cylindrical shape. Examples of
such practices include three-legged [(CuClatachH)3Cl]Cly
(tach = cis, trans-1,3, 5-triamino-cyclohexane) [14,15]
and CsCrF4 [16,17], four-legged CusCly-DgC4SO4 [18,19],
and nine-legged NayV3O7 [20-22].

Such chemical explorations motivated numerical in-
vestigations of the spin—% nearest-neighbor antiferromag-
netic Heisenberg model on a triangular prism [23-26].

(a)E-mail: yamamoto@phys.sci.hokudai.ac.jp (corresponding
author)

Surprisingly, its ground state is no longer critical, break-
ing a translational symmetry in the leg direction [23,24].
S = 11[27] and S = 2 [28] analogs also exhibit an
excitation gap immediately above their ground states

with spontaneous dimerization. With decreasing cou-

pling between triangles, however, the S = 1 ground
state turns unique but the § = % one stays degen-

erate, though both remain gapped from their excita-
tion spectra. Despite such theoretical findings, experi-
mental observations of the excitation gap to the lowest-
lying triplet state are limited to more-than-three-legged
tubes [18,22]. [(CuClatachH)3CI|Cly of S = 3 is not a
triangular prism [14,15] but an alternating stack of trian-
gles [29-31] to behave as an effective spin-2 antiferromag-

2
netic Heisenberg chain [31,32]. CsCrFy of S = 2 seems

a three-legged straight tube [16] but substantial Ir?agnetic
anisotropies [33] hinder our detecting so small a gap of
intrinsic origin [28].

A three-leg spin tube can give rise to a rich phase
diagram [27] and therefore varied low-lying excitations,
even if we limit our focus to an equilateral triangular
prism consisting of Heisenberg-exchange—coupled identi-
cal spins. We are encouraged to calculate the dynamic
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spin structure factor, which can be accessed directly by
inelastic neutron scattering, for such a fascinating system,
but it is far from straightforward to do so in the ther-
modynamic limit. Density-matrix renormalization group
(DMRG) [24,34] and tensor network [35] are really power-
ful tools, but a direct access to the thermodynamic limit
is still hard even with them. Magnetic frustration gener-
ally demands an increasing number M of states kept in
matrix renormalization [24,36] and several excited as well
as the ground states must be included as targets in dy-
namical density-matrix renormalization at each frequency
w [24,37], both causing an increase in computational cost.
We may consider a spin-wave (SW) theory in this con-
text, but its naivest application to one-dimensional SU (2)
Heisenberg antiferromagnets ends in a fiasco. In one di-
mension, the conventional SW (CSW) theory [38] has no
way of describing either static or dynamic structure factor
even in the ground state, whether it is collinear or non-
collinear, unless hardening of soft antiferromagnons. The
staggered magnetization diverges logarithmically, to say
nothing of the antiferromagnetic structure factor as its
fluctuation [39], in a Heisenberg antiferromagnet on the
triangular prism lattice within the CSW theory. We can
overcome this difficulty by modifying CSWs so as to keep
the total staggered magnetization zero [40-44]. Hartree-
Fock (HF) approximation of such modified SW (MSW)
Hamiltonian truncated at the order of S° yields an ex-
cellent low-temperature thermodynamics for collinear an-
tiferromagnets [40,41], which turns out to be essentially
the same as a Schwinger-boson mean-field description [45],
but it still ends in failure when applied to frustrated non-
collinear antiferromagnets. Since the total uniform mag-
netization is no longer commutable with any SW Hamilto-
nian, whether modified or not, MSWs conditioned as the
above awfully overestimate the otherwise moderate intra-
triangular ferromagnetic spin correlation. Then we devise
a new MSW scheme [46] capable of suppressing such a
ferromagnetic divergence and featuring cubic as well as
quartic anharmonicities peculiar to frustrated noncollinear
antiferromagnets [46,47].

A SW language is characterized by its “1/S expan-
sion” and is therefore suited for visualizing quantum renor-
malization of the harmonic spectrum on the order of
S. O(S°) quantum corrections to harmonic antiferro-
magnons on the square and triangular lattices contribute
toward upward and downward renormalizations of their
energies, respectively. In the triangular-lattice antiferro-
magnet, this first-order renormalization causes such dras-
tic effects on SW excitations that their lifetimes no longer
remain infinite in a major part of the hexagonal Brillouin
zone [47-49] and rotonlike minima develop at some points
outside the decay region [50,51]. In the square-lattice an-
tiferromagnet, on the other hand, the lowest-order spec-
trum renormalization brings about neither a finite life-
time nor a rotonlike minimum [52,53]. Since the classical
ground state of a triangular-prism antiferromagnet is a
collinear (180°-Néel) stack of coplanar (120°-Néel) states,
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Fig. 1: An equilateral triangular prism may be identified
with a planar three-leg ladder with the periodic bound-
ary condition in the rung direction (a) whose first Brillouin
zone consists of three parallel line segments at equal inter-
vals in two dimensions (b). CLSW & (5), SC-MLSW &3¢
(7), SC-MWDISW &,°€ (S24) in the Supplementary Material
Supplementarymaterial.pdf, and DC-MLSW &R (9) disper-
sions as functions of k* with k* = QF (c1) and k* = +Q% (c2)
in the N — oo limit.

quantum renormalization of its harmonic SW spectrum
may have characteristics of both one-dimensional collinear
antiferromagnets [8,9] in a Luttinger liquid state [7] and
two-dimensional coplanar antiferromagnets in an ordered
state [54-61]. We shall evaluate various MSW schemes
in comparison with DMRG calculations, intending to find
out the best MSW language that has the potential to re-
veal such a subtle spectrum.

We set the spin-S nearest-neighbor antiferromagnetic
Heisenberg model H = ZlL:l ZU:H,L JsSp, - Sr 45, On an
equilateral triangular prism of L = 3N sites (cf. figs. 1(a)
and (b)). Henceforth we set Jy and J, both equal to
J (> 0) and accordingly suppose |§| = [6.| = a. In or-
der to express the spin Hamiltonian in terms of Holstein-
Primakoff bosons, we first transform it into the rotating
frame with its “moving” z-axis pointing along each local
spin direction in the classical ground state designated by
the ordering vector (¢%,¢",¢") = Z(1, %, ). With a tacit
understanding of ¢¥ being 0, we henceforth use a short-
hand notation in the two-dimensional reciprocal space,

2
Qrr=(QF QD=1 0,0), Q= (@5, Q0=" (1.3).

(1)

We denote the local coordinate system by (Z, &, 7) distin-
guishably from the laboratory frame (z,z,y). Note that
every local zZ-Z plane coincides with the global z-z “plane”,
which consists of the side faces of the triangular prism in
practice. For coplanar antiferromagnets with their spins
lying in the thus-made z-x plane, the spin components in
the laboratory and rotating frames are related with each
other as

Sy cos ¢y, —singy, 0 [S7,
Si‘l = | singy, cos¢r 0 Sfl ) (2)
Sy 0 0 1] [ S
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where ¢, = Qx g - 71 is the angle formed by the axes
z (z) and Z (%) at ;. Then we introduce Holstein-
Primakoff bosons

55~ al . 55 -i5h 2581255 = VISl (),
R (S)=1/1 aizam -1 i (21 = 3)! aila” l
™ = 28 — ! 45 ’

3)
to expand the Hamiltonian as H = an:oﬂ(%) +
O(S_%), where ’H(%), on the order of S, consists of
4 — m boson operators (see the Supplementary Material
Supplementarymaterial.pdf (SM), sect. S1) and those
on the order of S to a fractional power are peculiar to
noncollinear antiferromagnets. "H(%) automatically van-
ishes because the Holstein-Primakoff boson vacuum corre-
sponds to a minimum of the classical energy [47].
We start from the naivest SW description of the
triangular-prism antiferromagnet. We move to the recip-
rocal space, aTk = ZlL 1 eikm"’lail/\/z, and define the

Bogoliubov bosons aL = Uk, LV L~ Uk, ,0-k,, SO as

to make the linear SW (LSW) Hamlltoman dlagonal

ZHm)*Hharm*ZE(m + Z nguaak 107 )

m=1 =0, v=1

(4)
where E(®) = —3 1752 is the classical ground-state energy
and EW = —2LJS + Y o—0.+ Zivzl e s its O(ST)

quantum correction, while aL creates a SW with wave

vector k,, = (k7, k%) = Z(% — 1, 20) and energy
E(pe ey = JSV/2(1 — cosakz) (5 + 2 cos aky),

(ki k5 5)
E(kzbs) = JS\/2(1 + cosakz) (£ — 2cosaky).

The complete breaking of the global SO(3) rotational sym-
metry results in three Nambu-Goldstone modes [47,62] of
linear dispersion (figs. 1(cl) and (c2)), one at the zone
center Qp p with velocity vg. . = V7JSa and two at
Vs,
On the equilateral triangular prism [23,24,27,28], however,
these acoustic antiferromagnons are fictitious characters
and make structure factors diverge.

Then we consider modifying CSW Hamiltonians. The
naivest MSW scheme [40-43] consists of diagonalizing the
conventional LSW (CLSW) Hamiltonian (4) subject to the
single-constraint (SC) condition S — (af ar,)5° = 0,

the zone corners £@Q x x with velocity vq, , =

L 2
Hharm + Z /J/l(S ailam) Hhmrm = Z E(m)
=1 m=1
+NL<S+ ) S el o ©)
o=0,+v=1

where (---)3° denotes a thermal average at temperature

T with respect to ’Hhum, the L Lagrange multipliers py

degenerate into p, and then O‘L,, , creates a modified LSW
(MLSW) with wave vector k, , and energy

~SC
©(kz.h5)

7g :\/2(1 cosakz—%>(5+2(:osak:z—%>
=SC

5

J(kiE) _ g S .M
S (1+cosak: 2JS) 2cosak? 7S

(7)

Since its extension up to O(S°) within the HF ap-
proximation [40,41], which we call the SC-modified
HF-decomposition-based-interacting-SW (SC-MHFISW)
scheme, yields a good thermodynamics of one-dimensional
Haldane-gap antiferromagnets [63-66], we try this too
on the present system. Here we perform all calcula-
tions at T = 0, and then, MHFISWs are no different
from modified Wick-decomposition-based-interacting SWs
(MWDISWs) [67,68]. Such calculated MSWs no longer
have any soft mode (see figs. 1(cl) and (c2)) to enable
us to calculate the dynamic spin structure factor (see
eq. (S44) in the SM).

We lead the argument off with the SC-MLSW find-
ings. A major portion of the spectral weight concen-
trates at ¢ = Qy x (figs. 2(a2) and (c2)), claiming that
while the coplanar 120°-Néel structure predominates in
each cross-sectional triangle, the collinear 180°-Néel struc-
ture remains significant in the leg direction. Even so, SC-
MLSWs overestimate this single-magnon scattering inten-
sity S(Qx k,w) (see eq. (S62) in the SM) with such a
small excitation energy that & ~ch < JS. Another seri-
ous fault of SC MLSWs is a spurious intensity at ¢ = Q x p
(fig. 2(al)), claiming a one-dimensional antiferromagnetic
configuration of spins coupled ferromagnetically within
each triangle. SC MLSWs overestimate this two-magnon
scattering intensity S(Qy r,w) (see eq. (S63) in the SM)
as well with a still smaller excitation energy EiQX L <

JS. Indeed SC-MLSWs at Qr and +Qx x are both
gapped, but their gaps seem to be still too small to repro-
duce the correct spectral weighting. DMRG calculations
show that the S(q,w) spectral weighting is well dispersive
with ¢* moving from Q% to Q% at every ¢* (figs. 2(cl)
and (c2)), but SC MLSWs can hardly reproduce such
features especially along the lines connecting (Qf, £Q%)
and (£Q%,£Q%). So how about the SC-MWDISW find-
ings? The increased gaps at £Qx i suppress the too
strong SC-MLSW intensity S[Qx r, (é%i’K ~S_% I/
(fig. 2(al”)), whereas the diminished gap at Qr,r even
more enhances the almost divergent SC-MLSW intensity
S(Qx,Kf%?,r/h) (fig. 2(a2”)). In any case, the SC-
MWDISW findings are still far from the DMRG calcu-
lations or may even be a change for the worse.

In order to make cubic as well as quartic anharmonic-
ities effective in sophisticating harmonic SWs, we have
to treat them perturbatively rather than variationally.
We correct the SC-MLSW Hamiltonian to first order in
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Fig. 2: Various MSW ((al) to (b1’): (
the total dynamic structure factor S(q,w) =

¢© = QF); (a2) to (]
Z)\:z,z,ys (g,

(S42) in the SM) especially at k ~ +Qr. k.

1/S [47,69], i.e., to first order in H(?) and to second order

in H(2). We employ magnon Green’s functions [51,70] to
renormalize the spectrum and accordingly correct the dy-
namic structure factor. Since the longitudinal component
of the structure factor, which probes the two-magnon con-
tinuum, is a factor of 1/S smaller than the leading terms
in the transverse correlation functions, it may be calcu-
lated in terms of bare magnon Green’s functions. The ef-
fect of interactions between antiferromagnons is taken into
its transverse components through the lowest-order self-
energies X0 (k; w +i€) [46,47] consisting of the frequency-
independent contribution EF))(I{:) of first order in H(®
and the frequency-dependent contribution Zéo) (k;w + i€)

of second order in 7—[(%), both on the order of S°. Fig-
ures 2(al’) and (a2') show such corrected calculations to
(S44) in the SM in terms of modified perturbed SWs
(MPSWs). Even though any two-magnon correlation re-
mains the same, yet some sort of change may be coming
to the one-magnon contributions. However, the MLSW
and MPSW findings look almost the same at least within
the SC modification. This is because the real parts of
the two primary self-energies, 5“’ (k) and Eé“’ (k;E5€/h),
balance each other at |k*| < % (see SM, sect. S3). Con-
sidering that neither SC MWDISWs nor SC MPSWs can
hardly reproduce the DMRG calculations, we are now in
a position to reconsider the way of modifying CSWs.
Then we should figure out two serious problems of
SC MSWs in noncollinear antiferromagnets [46]. First,
they break the U(1) rotational symmetry about each lo-
cal Z-axis. Quantum averages (af af + arar)5¢ in a
noncollinear ground state are generally nonzero to cause
(8% §%)\5C £ (89 59 )8C. Demanding that MSWs should

L T

(b2'): (
w) ((S44), (S50), and (S51) in the SM)
Arrows to S[(¢%, QF),w] at 4¥ < |¢°| $ Q% ((b1') and (c1)) and S (

particular spectral features describable only with pertinent single-magnon energies, &2°

(¢ = £Q%)) vs. DMRG ((cl) and (c2)) [24] calculations of

orS:—atN:24.
(0%, £Q%),w] at @ S [¢°] S & ((b2') and (c2)) indicate

+ 20 k) + T (k; 29 /h) ((9) and

keep these unreasonable expectation values as well as the
total staggered magnetization zero causes to increase their
otherwise stable ground-state energy. In order to solve
this composite problem, we diagonalize the LSW Hamil-
tonian subject to the double-constraint (DC) condition
S — {a},ar ) = 8 and {af,a, + ar,ar, ) = 0,

L

7'Lhabrrn*I’Z

= 1

Z Em)

+uL<S o+ - >

aj"‘[ I‘L + Qr Qr,
2

Hi (S—é—allam)er

harm

I

=0, v=1

(8)

u<77

where p;’s and n;’s both degenerate to be set to p and 7,
respectively, J is determined so as to minimize the ground-
state energy, and then aLU , creates an MSW with energy

g?c )
ki kg) LM . bn
73 \/2<1 cosak? JS><5+2cosak: JS>’
g?c ) 7
kz k3 uw+n w—n
IR 1 TN 9 2
JS \/ ( cos ak ZJS)( cos ak; JS)
(9)

Note that the DC condition reduces to the original SC
condition for collinear antiferromagnets without any frus-
tration. Such DC-MLSW calculations S[Q y r, (égi Lt

€%, )/ (fig. 2(b1)) and S(Qx k. Eq; . /h) (fig. 2(b2))
are remarkable improvements compared to any of the
SC-MSW overestimates. This is more or less thanks to the

enhanced gaps at +Q x ¢ (fig. 1(c2)) and Qr - (fig. 1(c1)),
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(b2')) calculations of the spectral function A(k,

Sriqtee_g
2 2

) and (a2
w) (10) plotted against the background of the two-magnon continuum Ex.q =
with running g dotted finely and homogeneously for S = % in the N — oo limit. An excitation with wave vector k

)), SC-MLSW ((bl) and (b2)), and SC-MPSW ((bl') and

is unstable when the minimum of £g.q, denoted by gk,qmm(k)v is lower than &) (see (al) to (b2)), explicitly shown by shading in
(al”) to (b2"), and then the quasiparticle dispersion &+ 5\ (k) —|— 59 (k; &1 /1) is pushed out below the lower edge of Ex.q (see

(al’) to (b2')) with emergent imaginary self-energy correction 22

(k, €r/h). Note that in the triangular-prism antiferromagnet

(0)(k: £x/h) can be finite even if the inequality &, i@min (k) < €k 18 nOt met (see (al”) in particular).

indeed, but we should be reminded of the spurious peak in
S(Qx r,w) fabricated by SC-MWDISWs with even larger
gaps at £Qy  (fig. 1(c2)) to learn that the DC modi-
fication scheme —restoration of the local U(1) rotational
symmetry and then required ground-state optimization—
must be more essential.

DC-MLSWs are no doubt much better than any of SC-
MSWs but still lack subtlety in reproducing the DMRG
calculations. They are totally ignorant of the subtle shoul-
der (fig. 2(cl)) and curved ridge (fig. 2(c2)) on the lower-
energy side of the two-magnon scattering continuum, both
originating in the renormalized one-magnon spectrum.
There is no such observation without sufficiently strong
renormalization of magnon energies via the cubic interac-
tion H(%) which serves to couple one-magnon transverse
and two-magnon 1ongitudinal fluctuations. The ’H(l)
driven O(SY) self-energy 2 (k: gPC/h) causes a strong
downward renormalization of the bare magnon energies
EDC for k¥ = £Q% and |k*| < % The thus-obtained
DC-MPSWs (see egs. (S66) and (S67) in the SM) success-
fully reproduce the DMRG calculations, as are illustrated
with vertical arrows in figs. 2(b1’) and 2(b2’), respectively.

Noncollinear magnets generally have a propensity of
their elementary excitations to spontaneous decays into
pairs of other magnons [48,49,71]. The present system is
also the case and hence the complicated dynamic struc-
ture factor. In order to understand such decay-induced
magnon dynamics in more detail, we calculate a spectral
function, which is an analytic continuation of the one-
magnon Green’s function and explicitly written as

—1/7
Im T —F rihe =0(hw—¢€g) (MLSW), "
1/ (10)

Tm MP
hwféka(O)(k:;erie)Jrihe( SW),

Alk,w)=

where &g, is assumed to be either &5¢ (7) or £2¢ (9). Fig-
ure 3 shows A(k,w) in the DC- MLSW ((al) and (a2)),
DC-MPSW ((al’) and (a2')), SC-MLSW ((bl) and (b2)),
and SC-MPSW ((b1’) and (b2’)) ground states. MLSWs
have an infinite lifetime without damping and, therefore,
their energy spectrum consists of delta functions. If we
denote the energy sum of two free MLSWs with wave vec-
tors k1 and ko by E.q = €§+q + ég_q and plot it as a
function of the conserved quantity k = k1 + ko with the
free parameter 2q = k1 — k3 running over the full Brillouin
zone, E.q becomes a continuum band, as is dotted finely
and homogeneously in fig. 3. If a single-magnon energy
exceeds the bottom of the two-magnon continuum at each
value of k, Ex.q . (k) < €k, such a quasiparticle is no longer
stable but tends to decay into a pair of quasiparticles with
their relative wave vector being 2q,,;,(k). Figures 3(al)
and (a2) demonstrate that the single DC-MLSW delta-
function spectrum ék indeed penetrates their pair ex-

citation continuum EDC. The CLSW spectrum contains
three Nambu- Goldstone modes to be buried in its pair ex-
citation continuum, as is shown in figs. S3(al) and S3(a2)
of the SM. Modifying CLSWs causes a hardening of their
dispersion as 0 < éi%XYK < é’SQ(i < EBSF < EB%X .
and pushes out the single-magnon branch below the two-
magnon continuum according to the modification scheme
(fig. 3). The sufficient hardening of the DC-MLSW mode

528 results in substantially lifting up its pair exci-
~DC =DC _ ¢DbC
tatlon CNCIEY C1Qy i T CEQu i T g:FQF Kﬁqmm(ﬂFQr K)

so that the perturbed single-magnon branch 5¢Q ok +

}E(O) (FQr k)| — |E(O) :FQF,K;{':::FQF’K/h)} can appear
below that (fig. 3(a2’)). However, an overlap of the single-
magnon branch with the two-magnon continuum does not
necessarily lead to a strong downward renormalization

36003-p5
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of the bare magnon energies and a rotonlike dip in the
single-magnon dispersion emergent below the two-magnon
continuum. DC-MSWs owe their such behaviors at k ~
Qx rand k ~ £Qr g to cubic dominant anharmonicities,
|f§0)(k:)| < |§§O)(kz;§gc/h)|. Note that at k ~ Qr,
|§§0)(k)| predominates over }féo)(k;égc/ﬁ)} to renor-
malize the single-magnon branch upward, which is the case
with single-chain [67] and square-lattice [52] collinear anti-
ferromagnets, for instance. SC-MLSWs with k ~ +Qp g
fail to enjoy a quantum rotonlike stabilization (fig. 3(b2))

with their balanced self-energy corrections, ‘ fgo)(k)| ~

| 25 (k30| (fig. 3(2").

The inequality gk;qmm(k) < €k, which is shown by shad-
ing in figs. 3(al”) to (b2"), guarantees the single-magnon
branch to overlap with the two-magnon continuum and
then the cubic interaction makes its lifetime finite to cause

one-to-two-magnon decays even at zero temperature. At

k ~ £Qr g, the decay rate — féo)(k:;égc/h) stays fi-
nite well consistently with the shaded region, whereas on
the way from Qx r to Qp r, the imaginary part survives
far beyond the shaded region possibly with a different de-
cay scenario such as fractionalization of spin excitations
into spinons. The present wave vector Q x,r represents
such a collinear spin configuration as ferromagnetic and
antiferromagnetic in the rung and leg directions, respec-
tively, while the midedges of the hexagonal Brillouin zone
of the triangular-lattice antiferromagnet, which are often
referred to as the M points, also represent such collinear
configurations as ferromagnetic and antiferromagnetic in
the directions of certain two primitive translation vec-
tors with a relative angle of 60°. These two ordering
vectors thus correspond well to each other, and interest-
ingly enough, the renormalized antiferromagnon spectra
in one and two dimensions have similar appearances in
their vicinities [51]. Series expansion calculations for the
triangular-lattice antiferromagnet [50,72] reveal that the
bare magnon energies are strongly renormalized downward
by quantum fluctuations so as to form rotonlike minima
near M. Bosonic [73] and fermionic [74] spinon language
analyses both claim that these rotonlike minima should
be collective modes of a spinon condensate, i.e., two-
spinon bound states that spontaneously break the SU(2)
symmetry. In the triangular-lattice antiferromagnet, the
inequality condition of bare magnons being kinematically
unstable towards decays into pairs of other magnons and
the region of the lowest-order self-energy corrections to
bare magnons having an imaginary part coincide to form
a hexagram, which is inscribed in the hexagonal Brillouin
zone occupying two-thirds of it but not including the M
points [47-49]. In the triangular-prism antiferromagnet,

the magnon decay rate — fgo)(k;égc /h) remains finite
far beyond the spontaneous two-magnon decay region on
the way from Qx r to Qp p. Then, there is a possibility
of bare magnons decaying into two spinons instead, but
if so why is the magnon decay rate vanishing near M on

the hexagonal Brillouin zone? We find a probable key to
this mystery in general arguments on frustrated quantum
antiferromagnets in terms of lattice gauge theories [75]
for which spinons are necessarily confined in their ordered
phases [76] but should be deconfined in their disordered
phases [77]. Calculating the dynamic structure factor of
the triangular-lattice antiferromagnet in terms of spinon
Green’s functions [73,74] indeed shows that when coming
closer to the M points, single magnons are no longer al-
lowed to decay into two spinons but stabilize below the
lower edge of the two-spinon continuum with their line
width disappearing. The present system on the way from
Qx r to Qr r behaves as an effective spin-3 chain rather
than spin—% frustrated triangles, wherein the instability of
its single-magnon spectrum may change in character, from
spontaneous two-magnon decays to two-spinon decays.
Unlike the collective antiferromagnon modes with their
decay rates vanishing at the M points on the triangular
lattice, here one-dimensional antiferromagnon modes are
persistently accompanied by nonvanishing decay rates on
the way from Qxp to Qrp, suggesting their possible
decays into some other elementary excitations. Deconfined
spinons are indeed the case with the spin—% antiferromag-
netic Heisenberg chain [78], whose eigenstates necessar-
ily contain an even number of kinks without forming any
bound state of them, each with quasimomentum running
through half the Brillouin zone. Though its O(S°) self-
energy is independent of frequency to have no imaginary
part, higher-order self-energy corrections necessarily have
an imaginary part without cubic interactions. Note that
the well-known rotonlike dip in the single-magnon disper-
sion of the Spin—% square-lattice Heisenberg antiferromag-
net [53] is never describable without O(S™!) self-energy
corrections [52,79]. It is worth noting further that a re-
cently developed bond operator technique is quite effi-
cient in reproducing such a quantum rotonlike stabiliza-
tion [80]. Considering that spinon observations are qual-
itatively common to all fractional-spin chains [9,81], two-
spinon bound states as stable triplet magnons are unlikely
in the present system. It should also be noted that a
strong-rung-coupling effective Hamiltonian [82,83] for the
triangular-prism antiferromagnet yields massive spinon-
like as well as magnon-like excitation spectra with varying
interchain and intrachain couplings. Ordered but non-
collinear magnets have cubic anharmonicities, i.e., cou-
pling of transverse and longitudinal fluctuations, hence
the ubiquitous propensity of their excitations to sponta-
neous decays. The ground states of fractional-spin antifer-
romagnetic Heisenberg chains are neither ordered nor dis-
ordered completely, hence deconfined spinons. The spin-
% triangular-prism antiferromagnet is possessed of both
characteristics and may exhibit a novel mized instability
of the single-particle spectrum.

X K Xk

This work is supported by JSPS KAKENHI Grant No.
22K03502.

36003-p6



Modified spin-wave dynamics of triangular-prism antiferromagnet

Data availability statement: All data that support the
findings of this study are included within the article (and
any supplementary files).

REFERENCES

=)

Iy
Iy

=~ W W W LW W W W W w w
P88 SaiEXR =S

"N
N

N —

=~

REIGROTZKI M. et al., J. Phys.:
(1994) 9235.

GOPALAN S. et al., Phys. Rev. B, 49 (1994) 8901.
Azzouz M. et al., Phys. Rev. B, 50 (1994) 6233.
DacoTTO E. and RICE T. M., Science, 271 (1996) 618.
Dar1 X. and Su Z., Phys. Rev. B, 57 (1998) 964.

Horr H. and YAMAMOTO S., J. Phys. Soc. Jpn., 71 (2002)
1607.

Scuurz H. J., Fermi liquids and non-Fermi liquids, in
Mesoscopic Quantum Physics, Les Houches, Session LXI,
1994, edited by AKKERMANS E. et al. (Elsevier, Amster-
dam) 1995, p. 533.

HALDANE F. D. M., Phys. Rev. Lett., 45 (1980) 1358.
HALLBERG K. et al., Phys. Rev. Lett., 76 (1996) 4955.
Hirol Z. and TAKANO M., Nature, 377 (1995) 41.
Iwase H. et al., J. Phys. Soc. Jpn., 65 (1996) 2397.
AzumA M. et al., Phys. Rev. Lett., 73 (1994) 3463.
Koimvma K. et al., Phys. Rev. Lett., 74 (1995) 2812.
SCHNACK J. et al., Phys. Rev. B, 70 (2004) 174420.
SEEBER G. et al., Chem. Commun., 2004 (2004) 1580.
MANAKA H. et al., J. Phys. Soc. Jpn., 78 (2009) 093701.
MANAKA H. et al., J. Phys. Soc. Jpn., 80 (2011) 084714.
GARLEA V. O. et al., Phys. Rev. Lett., 100 (2008) 037206.
GARLEA V. O. et al., Phys. Rev. B, 79 (2009) 060404(R)).
MILLET P. et al., J. Solid State Chem., 147 (1999) 676.
LUSCHER A. et al., Phys. Rev. B, 70 (2004) 060405(R).
GAVILANO J. L. et al., Phys. Rev. B, 72 (2005) 064431.
Kawano K. and TAKAHASHI M., J. Phys. Soc. Jpn., 66
(1997) 4001.

NISHIMOTO S. and ARIKAWA M., Phys. Rev. B, 78 (2008)
054421.

SAKAL T. et al., Phys. Rev. B, 78 (2008) 184415.

SAKAI T. et al., J. Phys.: Condens. Matter, 22 (2010)
403201.

CHARRIER D. et al., Phys. Rev. B, 82 (2010) 075108.
NISHIMOTO S. et al., Phys. Rev. B, 83 (2011) 224425.
OkuNisHI K. et al., Prog. Theor. Phys. Suppl., 159 (2005)
297.

OkunisHI K. et al., Int. J. Mod. Phys. C, 20 (2009) 1423.
FouEgT J.-B. et al., Phys. Rev. B, 73 (2006) 014409.
Ivanov N. B. et al., Phys. Rev. Lett., 105 (2010) 037206.
KikucHI H. et al., Phys. Rev. B, 107 (2023) 184405.
DARGEL P. E. et al., Phys. Rev. B, 85 (2012) 205119.
CHEN X. et al., Science Bull., 63 (2018) 1545.
MAISINGER K. and SCHOLLWOCK U., Phys. Rev. Lett., 81
(1998) 445.

JECKELMANN E., Phys. Rev. B, 66 (2002) 045114.
KuBo R., Phys. Rev., 87 (1952) 568.

ScHMIDT B. et al., Phys. Rev. B, 83 (2011) 075123.
TAKAHASHI M., J. Phys. Soc. Jpn., 58 (1989) 1524.
TAKAHASHI M., Phys. Rev. B, 40 (1989) 2494.

HirscH J. E. and TANG S., Phys. Rev. B, 40 (1989) 4769.
TANG S. et al., Phys. Rev. B, 40 (1989) 5000.
YAMAMOTO S., Phys. Rev. B, 69 (2004) 064426.

Condens. Matter, 6

[45]
[46]
[47]

[48]
[49]

[50]
[51]
[52]

[53]
[54]

[55]
[56]
[57]
[58]
[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]
[68]

[69]
[70]

[71]
[72]
(73]
[74]
[75]
[76]
[77]
(78]
[79]

[80]
[81]

(82]

[83]

36003-p7

AUERBACH A. and ARoOvVAS D. P., Phys. Rev. Lett., 61
(1988) 617.

YAMAMOTO S. and OHARA J., J. Phys. Commun., T
(2023) 065004.

CHERNYSHEV A. L. and ZHITOMIRSKY M. E., Phys. Rev.
B, 79 (2009) 144416.

STARYKH O. A. et al., Phys. Rev. B, 74 (2006) 180403(R).
CHERNYSHEV A. L. and ZHITOMIRSKY M. E., Phys. Rev.
Lett., 97 (2006) 207202.

ZHENG W. et al., Phys. Rev. B, 74 (2006) 224420.
MOURIGAL M. et al., Phys. Rev. B, 88 (2013) 094407.
SYROMYATNIKOV A. V., J. Phys.: Condens. Matter, 22
(2010) 216003.

ZHENG W. et al., Phys. Rev. B, 71 (2005) 184440.

Huse D. A. and ELSER V., Phys. Rev. Lett., 60 (1988)
2531.

JOLICOEUR TH. and GuiLLou J. C. L., Phys. Rev. B, 40
(1989) 2727(R).

SinégH R. R. P. and HUse D. A., Phys. Rev. Lett., 68
(1992) 1766.

BERNU B. et al., Phys. Rev. Lett., 69 (1992) 2590.
AZARIA P. et al., Phys. Rev. Lett., 70 (1993) 2483.
BERNU B. et al., Phys. Rev. B, 50 (1994) 10048.
CAPRIOTTI L. et al., Phys. Rev. Lett., 82 (1999) 3899.
WHITE S. R. and CHERNYSHEV A. L., Phys. Rev. Lett.,
99 (2007) 127004.

BAUER D.-V. and FIERESTAD J. O., Phys. Rev. B, 101
(2020) 195124.

REZENDE S. M., Phys. Rev. B, 42 (1990) 2589.

WANG H. et al., Phys. Rev. B, 42 (1994) 12805.
YamMaMOTO S. and HOr1 H., J. Phys. Soc. Jpn., 72 (2003)
769.

YamMaMoOTO S. and Hor1 H., J. Phys. Soc. Jpn., 72 (2004)
822.

NoRrIKl Y. and YAMAMOTO S., J. Phys. Soc. Jpn., 86
(2017) 034714.

YAMAMOTO S. and NORIKI Y., Phys. Rev. B, 99 (2019)
094412.

VEILLETTE M. Y. et al., Phys. Rev. B, 72 (2005) 134429.
CanaLl C. M. and WALLIN M., Phys. Rev. B, 48 (1993)
3264.

ZHITOMIRSKY M. E. and CHERNYSHEV A. L., Rev. Mod.
Phys., 85 (2013) 219.

ZHENG W. et al., Phys. Rev. Lett., 96 (2006) 057201.
GHioLDI E. A. et al., Phys. Rev. B, 98 (2018) 184403.
ZHANG C. and L1 T., Phys. Rev. B, 102 (2020) 075108.
FRADKIN E. and SHENKER S. H., Phys. Rev. D, 19 (1979)
3682.

CHUBUKOV A. V. and STARYKH O. A., Phys. Rev. B, 53
(1996) 14729(R).

READ N. and SACHDEV S., Phys. Rev. Lett., 66 (1991)
1773.

FADDEEV L. D. and TAKHTAJAN L. A., Phys. Lett. A, 85
(1981) 375.

UHRIG G. S. and MajumpAR K., Fur. Phys. J. B, 86
(2013) 282.

SYROMYATNIKOV A. V., Phys. Rev. B, 98 (2018) 184421.
AFrrLECK I. and HALDANE F. D. M., Phys. Rev. B, 36
(1987) 5291.
CaBra D. C.
6241.

WaNG H.-T., Phys. Rev. B, 64 (2001) 174410.

et al., Phys. Rev. B, 58 (1998)



Supplemental Material for
Breakdown of the conventional spin-wave dynamics and its double-constraint modification
inthe spin-% triangular-prism Heisenberg antiferromagnet

Shoji Yamamoto and Jun Ohara
Department of Physics, Hokkaido University, Sapporo 060-0810, Japan
(Dated: July 9, 2025)

S1. SPIN WAVESIN NONCOLLINEAR
ANTIFERROMAGNETSAND THEIR MODIFICATION

S1.1. Bosonic Hamiltonian

We define the nearest-neighbor antiferromagnetic Heisen-
berg model on the equilateral triangular prism (three-legged
ladder with the periodic boundary condition in the rung direc-
tion) of L = 3x N lattice sites[Fig. 1(a)],

-3 3

1=1 o=||,L

‘]()'S'I‘| : S'r|+5 (Sl)

o

where S,, and S,,.s, arethe vector spin operators of magni-
tude S attached to the nearest-neighbor sites at » and | + 9,
respectively, with §, pointing to a nearest-neighbor siteto any
site 7 inthe leg (o =||) or rung (o =.) direction. Note that
6., aswell as §;, no longer depends on the site index | when
unfolding the prism into a two-dimensional plane [Fig. 1(a)]
and then r reads, say, njd; +n.d, = a(ny, n,, 0) with integers
n=01---,Nandn, =0,1, 2 Henceforthweset J; and J,
both equal to J (> 0) and accordingly suppose |d;| = |4, | = a.
Then the classical ground state of (Sl) isdesignated by the or-
dering vector (7, o, %) = £(1,4,0). Aslong as¢¥ = 0, we
use a short-hand notation in the two-dimensional reciprocal
space such as

Qrr=(Qh.Q)=3 0.0 Qux=(&. Q=5 (1.5)- @

It is useful to define the rotating frame (Z X, §) with its Z
axis pointing along each local spin direction in the classica
ground state. The spin components in the coordinate system
at rest and the rotating one are related with each other as

Sf.l COSQ)(’K T — SianyK -7 0 Sz,l
S;(,I Sian)K -7 COSQ)(,K -7 S,)!(,I s (2)
v 0 0 1]] s,

Let us introduce Holstein-Primakoff bosons in the rotating
frame as

S;i‘| = S - aiﬂ a”'I’
S +iS), =S, = V2SR, (S)an;
S} —is}], =S, = V25a), R, (S),

T |
RTI(S)E‘/ ar.aml Z(zl “3)"(612?] 3

to obtain a spin-wave (SW) Hamiltonian,

H = JZZSTI s,,IH;_Zw(ho ). (2

=1 o=[,L

where (%), on the order of S%, read

HO — —gJSZL, (S3)
H3) = (4
HY = JSZ 2. [ +8,,5,8n15,) COSQxk - &

=1 o=|,L
COSQx)K (SO——
- f (a'f‘l TI+0, + a""a'r'“s")
cosQxk 0, + 1
O (s g 2)| ()
7'{( ) = J[Z Z a'r'|a"‘l 7‘|+5 +aT'+5‘r)
=1 o=, L
(a"’| + a"") T1+0, a""""s‘f]S‘nQX K Oc (56)
HO =3 Z Z {a;rﬁ ar, a:|+5‘,a"’l+5(r COSQxk - O
1=1 o=|,L
CoSQxk - 65 — 1
8 [aj“la;r'wé (af‘laTI +a) T1+8, 8r+4, )
(a-mavm +5 ar+5, )a“r'|a"‘|+5 ]
COSQx)K (SO— +1
- [a'r‘| (a'ma"‘l +a U a'r|+5(,)a'r|+5(r
+a1|+6 (a"'la'” 7‘|+6 8+, ) ]} (S7)

We divide the conventional SW (CSW) Hamiltonian into the
harmonic part Hpgm = H®@ + HY to yield linear SWs
(LSWs) and higher-order anharmonicities V = H(2) + #©
consisting of cubic and quartic terms. Wetreat <V in two ways,
variationally on one hand, which is usua with collinear mag-
nets, and perturbatively on the other hand, which isindispens-
able for noncollinear magnets, to obtain what we distinguish-
ably call interacting SWs (ISWs) and perturbed SWs (PSWs),
respectively. Starting from diagonalizing Hpam to obtain con-
ventional LSWs (CLSWSs), we consider various manners of
modifying them and further bringing them into interaction.
We introduce a wavevector running over the first Brillouin



zone [Fig. 1(b)],

o = (KK (2v L 20) ()

N 3

to define Fourier transforms of spin operators and Holstein-
Primakoff bosons,

gkuoi N ik

L .
1 ) Pl ; - st ; (59)
k., ; \/E T T (r:zqi ; \/E k-
L i N i
dkvomi g ikuom
oo oot = i
a, = a.,al = a (S10)
k.o ; \/E | | O_:ZQi ; \/E k
At each momentum, a Bogoliubov quasiparticleis created by
Q’LW = ukwaL -V, k,, (Sll)
with ug,, and v, . diagonalizing Hpam or any modified-SW

(MSW) Hamiltonian in question. Here we perform al calcu-
lationsat T = 0.

S1.2. Harmonic spin waves

3

E@ = —ELJSZ, ED = ——LJS

o=0,+
&(iig) = IS V2(1 - cosak?)(5 + 2cosak5),

7
(k) = JS \/2(1 + cosak?) (5 - Zcosaki) )

viathe Bogoliubov transformation
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The harmonic Hamiltonian is diagonalized as \/ 8"’“(kz KX 4s(kz k)t 1133)
Hparm = Z E™M + Z Zskw Ay Uk (4)
o=0,+ y=1 |
Local spin expectation values in the CLSW vacuum state are given by
11 g g
(Siho=S+1- > ( > )dkz, (%0 =0, (Sh)0=0 (s13)
247 ) = Elek)  E(ekr)
The static structure factors are defined in terms of spatial spin fluctuations 6S}, = S}, — (S, )o as
w L ga(ri-r . L, datn-r)
s%(g)= ), T«ss ISp00= ) ———((¢SiS1, o~ (S} )o(Sy, )o) (S14)
ILI'=1 LI'=1
and written in the rotating frame as
sZ(q) = (3S)? f {42 + 7cosag* + (3 + 4 cosak?) [3cosag* + 4 cosa(k? + g)]
q 967 E(2 k) E (ko4 ka+0¥)
N 132 — 11 cosag* + (6 — 16 cosak?) [3cosag* — 8 cosa(k? + g9)] } 4K 1
ERER)E(RHE K +) 4
i X z z z
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Having in mind that

—irS¥

TQx, K+q

q 2 Z TQx K+q

7 y _ ¥
s 22 St oera * 1770, vq)» S =St

(S16)

together with (653651'(],)0 = 84S (g), we can readily construct the structure factors in the Iaboratory frame from (S15),

S*(q) = S*(q) = %1 D {8 Qxk + @) + S¥@Qxk + q) + it [SF(rQxk + @) - SHrQxx + @)}, $”(q) = ST(q). (S17)

Since the CLSW spectrum (5) contain fictitious soft modes of linear dispersion, one-dimensional integralsin (S13) and (S15)
logarithmically diverge, not to mention any such calculations in the laboratory frame.

S1.3. Single-constraint modification

MSWs constrained to keep their total staggered magneti-
zation zero, which were originally designed for square-lattice
antiferromagnets [1-4] and are good at describing collinear
antiferromagnets [5, 6] in general, can be applied to non-
collinear antiferromagnets [7] as well. The single-constraint
(SC)-modified-L SW (ML SW) Hamiltonian is diagonalized as

L
Hharm + Z#I(S - ajnaﬂ) = 7_{hsacr:m
1=1

N
—ZE‘”‘)WL(S* ) + 3 N8 ©)

m=1 o=0,+ v=1

N

~SC
Z kv
2 b
=
~SC
ek

_ z__ z
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(SV’Ski) = \/2(1+ cosak? — ﬁ (7 — 2cosak? — E) (7)

viathe Bogoliubov transformation
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252(2 o T IS -2
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2
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2
2w L 4+ Sfay ) coSQxk - 0y —
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2
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8 ’ 8
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k) = T ——— :
45X (2~ - 473S- )
\/ Fler) sy T IS~
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Viex:) = % (S18)
~SC ~SC _
\/ss(ké,kf) (43(%@) +113S 4,1)
on condition that
(SE)C =S — (@l a5 = (S19)
with (- -- )gc denoting a quantum average in the SC-MLSW
ground state.

We can bring such MLSWSsinto interaction in a variational
manner [8, 9]. Dencting some quadratic terms by

a’l‘| 7‘I+5 + a’r‘| a’r‘|+5(r
2 b
a,,.l aI‘| a’l’|+5(r + a1|+5 a’l’|

Toaf
ar8p +an _ -
5 , Dy = > (S20)

A

1]
spi-)-

|a’l‘|7 B()’

C

and their thermal averages at temperature T with respect to a
certain MSW Hamiltonian by (--- )1, we apply the Hartree-
Fock decomposition to the O(S°) quartic interaction (S7)

N (Bor)1 = (Do)t } (

5 aj,an +a ; anss,)

(C)7
4

(aﬁ s, T an a’"l+5rr)
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to have the tractable SW Hamiltonian Houad = Hharm + (Hég)ad. Its SC-MSW extension, i.e., the SC-modified Hartree-Fock-
decomposition-based-ISW (SC-MHFISW) Hamiltonian, where we suppose (- - - )7 in (S21) to be (- - - )-SC, is diagonalized as

1 N
Haued + Zm(S ala,) = H'S = Z EM 4 4L (s + 2) Z Z ECal, ak,; (S22)
1=1 m=0 o=0,+ v=1
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5 =25 |15 cosak—m [5+F0+Go+(2+F +G)cosak JS]
é/(igkz) B O el Pl cosak? — - ! 5+F.+G —(2-F. - G,)cosak? - 4= (S24)
JS 2 2 2JS T JS|
B (AT . 3O . B . 2B B D) B (O — 2AD))5F*
TS 4s 2S S 2 07 S ’
o XAFE BOF (OFF 30T @ 2 - By
07 72s S 2S 4S s 0T S ’
o _ AR 3B A8 O, 2(0FF - o)
*=77 45 28 s 8s =t S :
o L HAE BF ©F 00T (@ 2(GrE - ) (s25)
T 48 2S 8S 4S s ET S
viathe Bogoliubov transformation
| ) 25’(%,%) +JS (7 + 2Fo + 2Fj cosakf) — 2u
(k‘zmkz)() - 48/SC
(k:k5)
JS (4 cosak? - 2G cosak? + 3 — 2Go)
k) = SC SC z ’
\/43/(kz ” [zs'(kz o + 38 (7+ 2Fo + 2F; cosald) - 2,;]
45/(%:@) +JS (11 + 4F¢ + 4F) cosaks) —
Ulkiks) = gz sC
(k2.k¥)
JS (8 cosak? — 4G/, cosak? + 3 — 2Gg
(Boosal - 4G cosak + 3- 2 -

V(kz k+) < -
\/ss ) 4s(kz ¢+ IS (L1+ 4Fo + 4F;cosalk) - 4,1]

on condition that

— (AT =S (@, a)r =0 (S27)



with (- - -

+

Te[e sk Tyl g |

)’TSC denoting athermal average at temperature T with respect to H'SC. In terms of the thermal distribution function

ko R 1
= —= = (S28)

SC _
<a,kv,1rak:wr >-/r

¥
TI’ [ 8’6 o Vhevor ak"/”/kB ]

such self-consistent fields as to diagonalize H'SC are expressed as

JS & | 7+ 2Fg + 2F/ cosak? — 2u/JS
/SC _ 0 ~/SC
AT =3 Z 7 C ( (k) *
v=l (G209
IS N -3+2G - 2(2 Gp) cosak?
1SC _ ~/SC
<8()’>T - W Z g ( (kz kO)
v=t (ki»ké)

y 1
x( e + 2) cosa(kZs, + kiéu)] ,

e IS
wﬁ—ﬁz

N
DE =2

N y=1

(K.ks)

(kzko)
7+2Fo+2F’cosakV 2u/3S (s
( ek +

(kz )

3+ZGO—2(2 G}) cosak? (SC 1)

11+ 4F, + 4F/ cosak — 41/JS (ﬁ,sc . 1) L
— k) T 2] 7 235 |
“ (ki)
E 3+ 4Gy - 4(2 - G}) cosak?
)cosa(kvé(ﬂ + k3o 1) + SC
“lex)

3+ 4G — 4(2 - G}) cosak? (SC . 1)}
2

=/ 1
% (”(%(sz) * §) cosa(kido + Kido.1) -

=/SC (KEY)
“ (k)
1 11 + 4F, + 4F/ cosak? — 4u/JS
)cosa(kvém +KSSL) + R ak, — 4/
(kz KY)
cosa(kjd,| + Kide.1) + 2cosa(kid, + Kidy, 1)
235 . (S29)

At T = 0, MHFISWs are no different from modified Wick-decomposition-based-interacting SWs (MWDISWSs) [8, 9].

S1.4. Double-constraint modification

SC MSWs in noncollinear antiferromagnets, whether ML-
SWs [Figs. 2(al) and 2(a2)] or MWDISWSs [Figs. 2(al”)
and 2(a2"")], are no longer so successful as those in collinear
antiferromagnets [1, 9]. Before pointing out that they are
in total ignorance of cubic anharmonicities, we may need
to solve a more fundamental problem with them [7]. The
Holstein-Primakoft-boson representation in the local spin ref-
erence frame (3) gives the correct spin magnitude but breaks
the original spin rotational symmetry,

1
(SX SX T = 5(— + (At + (C)T)

Q%T<?j(+wm+wﬂ+q85
(Vs )y = 5(3 (A7 - <c>T)

Q%rl%ﬂ(+mn—wﬂ+q85
(S7,S7)1 = S = 28(F)1 + (A)7 + AT +(OF;

disisin = > (sisii =SS+

A=%9,2 A=XY.Z

(S30)

For collinear antiferromagnets, (C)t spontaneously vanishes
to retain a U(1) symmetry of each local spin operator in the

rotating frame as well as the global U(1) symmetry related to
the conservation of the total uniform magnetization

L L
st = > (S? cosQxx 71— SF sinQxk m). (S31)

=1 =1

For noncollinear antiferromagnets, any bosonic Hamiltonian,
even Hpam, N0 longer commuteswith -, SZ, yet we should
expect each spin operator to possess rotational symmetry
about itslocal quantization axis Z, which is met by demanding
that (SX S ) = <S¥|S,,I i, e,

T

<aI’| aI’| + a’r‘| a’r| >T

(C)1 = >

=0. (S32)

Constraining SC MSWs to (S32) as they are, i.e., together
with (S19) or (S27), however, causes to increase their other-
wise stable ground-state energy (cf. Fig. S1). In order to solve
this composite problem, we diagonalize the LSW Hamilto-
nian subject to a double-constraint (DC) condition. Namely,
the DC-MLSW Hamiltonian is diagonalized as

T oaf
8r 8y + 8 8n Y
?{harm"'Z[/ll(S_é_ai‘Ia”")-km — 2 — | = Hham
=1

2 1 N
) ~DC :
= Z E™M +#L(S ot 5) i Z Zskm ¥, W (8)

1 o=0,+ v=1



~DC
3 3 N &
2 __° 2 =y _ _° v
E® = -5LIS%, EY = SIS+ > 5
o=0,+ v=1
Elex)
K2 kX ( , M- )( , M+ r])
2(1- —— 2
S \/ cosak? 2JS 5+2cosak;— S
Elex) 7
K.k H+n -1
= 2(1 ’— ) -2 z_ -
IS \/ +cosak 2JS( cosak; JS) 9

viathe Bogoliubov transformation

2:0C 4 7JS -
. ) s(kz <) +7JS - 2u
o Clew

Yok = JS (4cosalkZ + 3) — 2n
(2 ’
\/4s(kz 9 2szgko) +7JS - 2/1)

DC _
) 4€(kz <) +11JS - 4u
u(kf’ki) B 8sDC ’
(i)
JS (8cosakz — 3) — 4n
Viek:) = u? (S33)
~DC DC
\/ss(kz " (4s(kz ¢+ 1195 - 4,;)
on condition that
S_<al|a’l‘|>gC:67 <a1-‘|a1-‘| +ar|ar|>oDC= ($4)

with & serving to optimize the ground-state energy and (- - - )g©
denoting a quantum average in the thus-obtained DC-MLSW
ground state. By tuning ¢, we can retain the local U(1) sym-
metry with the SC-ML SW ground-state energy remaining al-
most the same, as will be demonstrated later in Sect. S3.

S2. GREEN'SFUNCTION FORMALISM

Let usintroduce Feynman’stime-ordered Greens functions
of Bogoliubov quasiparticles and spin operators,

G (k;w +i€) = —i f <‘Tai’0k(t)a§:k>ei[w+ie¢r(t)]tdt’ (S35)

GV (g w+ie)=-i I (TsSy(n)sSt,) elriOligr,  (S36)

where P(t) = Ht/ipei il and (Q) represent time evolu-
tion driven by H and aquantum average in the ground state
of H, respectively, with H being a modified PSW (MPSW)
Hamntoman ?{Ea?m +Vor Wr?arcm +V, whilea;, = o and
@, = ak are the annihilation and creation operators, respec-
tively, for the corresponding harmonic Hamiltonian thacrm
or ?{Eafm 7 and e shal signify time ordering operation
and a positive infinitesimal value, respectively, with o(t) =
20(t) - 1. Let En and |n) be the agenvalu&s and eigenstates
of H, H|n) = Enn) (EO <E <E <- ) We shall express
Green's functions of different types in terms of a Lehmann
representation [10, 11] in the purpose of finding an identity
among them. When we consider bare magnon Green's func-
tions replaci ng H by its harmonic part (Hharm, we use Gg, Go,
Pt = &Fbamt/iperiFhantin, and (Q), instead of G, G, P(t),
and (@), respectively, where we let £, be either sSC (7) or
2 (9). Note that the anomal ous bare Green’ sfunctions Gt

and G, aretrivially zero.

S2.1. Spectral function A(k, w)

The ground-state spectral function A(k, w) is calculated via the magnon Green’s function (S35), which is readily obtainable

in the harmonic approximation as

Ga+(k; w+ie) = —i f <7-ak(t)harma1‘k>oei[w+ie<r(t)]tdt - _j f <0kGL>O d(w-gk/mie)t gy —
—o0 0

and generally written in the interaction picture as[11]

=1

n

_—— 4
hw—§k+ihe (83 )

f dty - -- f dt; f (fm/(tl)ha'm---q/(t.)ha'mak(t)hafmamoélwif"“ﬂtdt. (S38)

Calculation of (S38) starts with expressing V aswell as Hiarm in terms of Bogoliubov bosons,

N

Oy ZN: 3 Z[A (Byors Koo

o=0,+ v=1 0/=0,+v'=1

+A+++ (kv,o" _kv’ Koud

0
- kv,o" kv’,o”) a,k:

-k k, a'Jr a
V.o V’,O’) ko —ko—ky o

al

a
vor Ry gt ke YR

T i

a + H.c.
Ky, ’

(S39)



N
HO = 5O + Z (A oo kvo) i, ak,, + [ Ass By —kng) e, ol +Hc])

N N

N
i i
+ Z Z Z Z Z {A++—— (kV,U" k:V’,O'” kV,U' + kv”,(r”» kv’,(r’ - kv”,(r”) akwrakv/ o ALy ytkoyr g1 Xbeys oo =loyyr g1

=0+ v=1 07=0,+ v=10"=0,+v’'=1

i i i
+ [A+++— (kv,o's kv’,o’% _kv,o' + kv",o’” > kv',o" + kv",o’”) akv\a—akwﬁ' a*kv,‘#rkwan-rr QAL yr+kyr gor

v (B Koo~ = b~k + o)l al el 4 H.c.]}, (S40)
where the ground-state energy correction 6EL = (@), and vertex functions A, and A, in (S39) and A, Ars, Ars—,
Assro, and Apipy in (SA0) are al written in terms of the MLSW ground-state Bogoliubov parameters ug, . and vy, . By virtue
of Wick’s theorem [12], we can rewrite (S38) into a series in G;* and V. In the spirit of the 1/S expansion, we renormalize
the bare magnon Green'’s function by the lowest-order O(S°) corrections arising at | = 1, to first order in H@, and at | = 2, to
second order in H(3),

. N 0 _— i
G’*(k;w+|e):Gg*(k;wﬂe)—% f dt; f <‘7"H(0)(t1)harmak(t)harmamoe'[‘”““’(t)]tdt+ﬁ

% f dtl f dtz f <7~7_{(:—2l)(tl)harm7_{(%)(tz)harma,k (t)hal’ma,Tk >O ei[w+is(r(t)]tdt T+

ZO0®m) + 20(k; w + ie)

=Gy (k;w +i€) + Gy (k; w + i€) Gy (kiw+i€)+---

h
© [3Ox) + 3O kiw+i ! (0) (L i

:GO+(k;w+ie)Z[ 1 (k) Zh( E)Ga+(k;w+ie) =Gyt (k;w + i€) 1+WG*+(k;w+ie) , (S41)
1=0

where the primary self-energies SO (k; w + ie) = 210 (k) + 20 (k; w + i€) are given by

N
2O%k) = Ao (k. k). 20(kiw+ig = Y Y

o=0,+ v=1

0,0 (kKo — K, ko) [2 N 184, (k, Ky — k. Kyy) 2
| ++ ( 2 )| _ZZ | +++( x )| (842)
=1

hiw — g‘kw — g‘k—km + ihe hiw + g‘kw + 5k+kv_(, + e

=0, v
>9(k) has no frequency dependence and therefore no imaginary part, >0 (k) = (k). = (k; w + i) may have both real and
imaginary parts, which we shall denote by 5(20) (k;w +ie) and 5(20) (k; w + i€), respectively. The Dyson formulation (S41) gives

1 h

G *(k,w+i€) = =) = = oI - —
[Gr*(kiw+ig)] " -~ 2Ok w +ie)/h+ie @~ 8 = 20(kiw+ie) +ine

($43)

The bare and renormalized spectral functions

—ih|m[eg+(k;w +ie)] = ST S S(hw — k) (MLSW)
Ak, w) = 7r1 . hw—&gg + 1he 1 (10)

1 SW
-—Im[GT(k;w +i€)] = —=I
— (G (k;w +i€)] p mhw_gk_z(o)(k:;w+ie)+ihe (MPSW)

are calculated in the SC and DC schemes and explicitly compared with each other aswell aswith ML SW pair-excitation continua
later in Sect. S3.

S2.2.  Dynamic spin structurefactor S(q, w)

The dynamic spin structure factors at temperature T

}ei”tdt (S44)

1 f"" Tr{e_ﬁ/kBT [553(0555]} gy ) foo Tf{e"ﬁ’kBT ESAORSES

S(q,w) = 2 ) Tr{e—ﬁ/kBT} il . Tr{e—'ﬁ/kBT}

1,l'=1



are calculated viathe retarded Green’s functions

o Tr{e T 553,084}
R (q; w +i€) = —i f g@H9tg(t)dt. (S45)
e
The fluctuation-dissipation theorem says that [13]
N o A (. ;
SM(q,w)z—i }h /kTIm[RM'(q;wHe)]u ﬂthlinlm[R (q,w+|e)] (w>0) (S46)
nhl—eholke 0 (w < 0)
In terms of a Lehmann representation, the retarded correlator (S45) reads
, o0 DT i 0l6SEIn)(néSY, |0 0[6SY, Iny(n|6S,|0
|imR/l/1 (q,a)_'_ |E) - _If <[6S/ql(t)’6sx_lq]>el(w+le)t9(t)dt — _Z < | £| ><~| q| > _ < | ~q| >i | ql > ’ S4D
-0 oo lw—(En-Eo)/h+ie w+(En-Eo)/h+ie
while the usual Feynman correlator (S36) evaluatesto
, - Sy = [ (06SENKNIeSY, 10y (0l6SE, INY(N|6S|0)
gu (q:w +i€) = —i f <T§Sg(t)(58/_lq>el[wﬂfo—(t)]tdt - _ Z i A q ~ - LA q ) (S48)
- Zlw-(En-Eo)/i+ie w+(En—Eo)/h-
Having in mind that
1 P . i7r6(<u LB EO] (549)
w+(En-Eo)/htie  w+(En—Eo)/n h
with # denoting the principal value and w + (E, — Eo) /% > Ofor w > 0, we learn that
(S50)

, 1 , .
sY(q.w) = —=Im|G" (g;w +ie)| (T - 0).
nh
Similar to (S17), we can construct the dynamic structure factors in the laboratory frame from those in the rotating frame,

$%(q,w) = S*(q.w) = %Z [S%(rQxk + q.0) + S¥(1Qxk + g, w) +it[SH(1Qxk + ¢, w) - S¥(1Qxk + ¢, W)

= ! Z IM{GZ(tQxk + q, w + i€) + GETQxk + @ w + i€) + T[Qﬁ(TQx,K +qw+ie) -GUTQRQxKk + W + Ie)]}

NM(q,w) = SV(q,w) = —ihlm [QW(Q; w+ ie)]. (S51)
T

First we investigate leading transverse fluctuations in (S51). Let us approximate on-site cubic terms as

2 +V2 - Uk, Vk:
,<ar o= (Co= ), Z < (S5)

U
aj,af a,, = 2Aoal, +(Choar; (&),an)o = (A= | Z
=0+ v=1 o=0,+ v=1

to write the relevant spin operators as
Ao _Cho <C>°} (an-al)+O(S?).  (s53)

St = \/g[l— AAa+ (o <C>°}(aﬂ +al)+0(s7f), s}, = -i \/g[l— S

4S
Viathe Fourier transformation (S9) and (S10), we can express spin Green's functions in terms of the magnon language,

2

Gk w +i€) = % [ - w%;fi;@)o} (U + V)2 [GH(kw+i€) + G (—k;—w—i€) + G (k;w + i€) + G (k;w + i€)]
S 2 .

~5 [1— %;(C)O] (Uk + Vi)’ G (k; w + i€), (S54)



2
Gk, w +i€) = % [1 - M] (U — V)2 [GH(Kk; w + i€) + G H(=k; —w —i€) - G (k;w + i€) -G (k;w + i€)]

4S
S 2 - .
=3 [1_ w} (U — Vi)’ G (k: w +i€), (S55)

where the terms G™*(—k, —w — i€) have no pole for w > 0 and therefore no contribution to the dynamic structure factor, while
compared to the normal Green's functions G (k; w + i€) of O(S™2) [cf. ($43)], the anomal ous Green's functions

I . .
G(nr(k; w+ |(.-') — ||7I/.l)| f dt]_ f dtlf T(V(tl)harm (V(t )harm %Tk(t)harm o >Oel[w+lar(t)]tdt

= ——f dtlf TW(O)(tl)harm 7 e®EMa > glerierOltg 2'7‘12
f dt; f dt, f fH( )ty G) ()Mo (i ma T o), Ot

(0) +(0)
k) +2 k,(,L) + |E .
2 (k) 2 ( )G’Jr(—k:;—a)— i€); (S56)

~G ' (k;w+ie)

N
Ok = Ay (k,—k), 20k 0 +i€) = 6 Z Z

=0+ v=1

A+++ ( k k- k:vuw vu‘) A++ (k k:vuw V,0 s k) A+++ (k» -k - kv,(r» kv,u’) A++— (_k - k:v,u" kv,(r’ _k)*
hiw — Sk - Sk ko T ihe hw + 5kw + §k+km + ihe

. (S57)

evaluate to O(S~2) and are therefore discarded in the spirit of the 1/S expansion. £\, to first order in H©, and 2%, to second

order in (), both on the order of S°, play asimilar roleto that played by the usual self-energies = and =& but with achange
in the number of quasiparticles.

Next we figure out leading longitudinal fluctuationsin (S51). MLSWs contribute

N

. : N
ggz(k;w+ie)=—if <‘7_(532(t)harm(53Z > el[wﬂm(t)tdt__f Z Z Z

00
harm harm _f ¥
Xf {Vkv.rukmkukw,n Vi, -k <7"a ke (0 g, () Ny, ,+k> + Vie,, Vi, +kVi, o Vi, ok
N

|:<7—a ko, (t)harmak ik (t)harm koo aikwﬁ’ " >0 <TQ k.. (t)harmak ok (t)harm> <Tak , >0]} ei[w+ieo'(t)]tdt

v o’ k, o +k

. N .
[ . .
=T E f do’ {kaUkark(ukWkaJrk + Vi, Uk, k)G (=kyo; 0 +1€)Gy " (kyo + kw0 — 0 + i€)
=0+ y=1 Y~
V2 V2 Gyt (~kye o +1€)Gyt (ko + k; S+
Vi, Vi, +1C0 " (FRyoi " +1€)Gy" (ko + ki w + ' +l€)

N
Z Vi, Uk, +k(Uk,, Vi, ,+k + Vi,, Uk, +k)
hiw — gk

- g‘kwﬁc + iie (858)

V.o

to them, which prove to be of O(S™1), and MPSWs merely give them O(S~2) corrections. Therefore, we calculate longitudinal
contributions no further beyond (S58).

Finally we discuss mixed transverse-longitudinal fluctuations emergent in (S51). The corresponding correlators trivialy
vanish in the bare magnon ground state, G5'(k; w + i€) = G)*(k; w + i€) = 0 [cf. (S15)]. Their first nonzero contribution arises
to first order in #(3). Aagain utilizing the Hartree-Fock decomposition (S52) for expanding SfiI in1/S, we have

GH(k; w +i€) = ‘iz (||;1)| f dy - f dt'f T(V(tl)harm V() SS, ()T > glnieria
=1

= -% f Ty f . (THE) @) msS? (0 ames”, ) ittt + . = ~G™(k; w + ie)
- 2 [1 - WWT:%] (Ur + Vi) [Fi(_%)(k; w+iG (ki w+id) + I (ki w + 196G (<k; ~w - i6)|
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2 N iApre (=K + kyo, —kyo—k)  3IA kk—k
ri( 2)(k:;w+ i€) = Z Z(ukkam—k: +Vkv_(,ukv,[r—k)[ +a ( vios — Ry, ) +++( V.o vu-)}

=0t v=1 how — g‘kw - gkfkm + ifie hw + Sk + Sk ko T ihe
. N 3idiss (k,—k + Kk ), s (b= kg K k)
I-W(’E) ki; +i = _ u v Ry, u ~ +++ 5 Vv, oy vu- ++— v,os oy o . . (S59
1 ( w E) (rZO+ ;( ko kv ke Ko v k) hw — g'k - Sk kT ihe ha) + g'k + gk k,, T 1he ( )

Such evaluated G%(k; w + i€) and G¥(k; w + i€) turn out still extremely small in value. Indeed, they merely make an invisible
contribution to the total dynamic structure factor S(g, w) = 3,-,xy S*'(g, w) shown in Fig. 2. F’( 2) and F”( 2) , both to first

order in () and on the order of S, bear some resemblance to >\ but are dimensionlessin energy. For the triangular-lattice
antiferromagnet, Mourigal et al. [13] demonstrate that the mixed transverse-longitudinal correlators (S59) do not affect the
leading quasiparticle-like part of the spectrum but sometimes cause an unphysical overcompensation, and therefore conclude
that they, as well as the anomalous Green’s functions (S56), can be neglected.

Thus and thus, the M PS\N-ground -state dynamic structure factor is evaluated as

S(q,w) = Z SMq,w) = —=— Z Im QO (tQxk + G, w + i€) + GX(TQxk + @ w + Ie)]
A=XY.Z
- ﬂ—];ilmgw(q;w +i€) — % ; Tlm[gii(‘er,K +q;w+ie) — Qiz(‘er,K +qw+ ie)]

1 ~ ~
=350 Z Z Z Vi, Uk, 7@ +q (U Vi, +7Quicrq + Vi Uk +7Qx )0 (hw ~ €k, ~ Skv,qu,wq)

7=+ 0=0,+ v=1

S [, 2(A)+(Ch 2 1
- = |1= u V. Im - -

dn [ 25 :|T=Z+( Qxx+q T TQX.K+q) hw — ETQX>K+q — 2(0)(TQX,K Y g+ |(:') 1 ihe

S 2(A)o = (Cho 2 1
- — [1- ————=1(Ug — Vg)Im . .

27r[ 2S ]( a = Va) hw —&q —2O0(q; w +i€) + ihe

VS [ Ao +(Cho
- \/_271' [1 - 4S ] Z(UTQX,KJFQ + VTQX,K+Q)
D Qux + g +ie) D Quu + qw +ie)

< 7Im 1 XK T4, B 1 XK T g, (S60)

T hw — &0y vrq — 2O Qxk + G w +i€) +ile  hw+ &0y +g +2O(-TQxk — q;w —i€) +ihe |

Qxk+q , Qxk+q ,
_1 _1
With 2O, F’( ?) and F”( ?) all aNay (S60) reduces to the ML SW-ground-state dynamic structure factor
S(q, w) = oL Z Z Z Vi, Uk, +7Qx c+a (U Vi +7Qu it + Vo Uk 47Qxk+0)0 (hw Ek,r gkv,.mQx,mq)
7=+ 0=0,x v=1
S 2(A)o + (Cho ~
+ 2 1- T} Z(UTQX.K+Q + VTQx,K+q)26 (hw - 8TQX.K+Q)
T=%
S 2(A)o — (Cho ~
t5 [1 - T} (Ug — Vg)%6 (hw - sq) . (S61)

Note that (A)SC = S, whereas (A)2€ = S - 6 and (C)5° = 0
Since SC ML SWs have such a small chemical potential and therefore excitation energy that u ~ 0.0069JS and éf?cl_[_ ~
0.2402JS [Eq. (7) and Fig. 1(c1)], they overestimate a single-magnon scattering intensity in S(Qx k, w) [Fig. 2(a2)] as

S 2(A)o +{Cho .
S(QX K> w) Z T] (U—Qx.K+Qx.K + V—Qx.K+Qx,K)26 (hw - 8%X,K+QX,K)

N 2 + v2 U, Vi
k. V.o V.o 2 ~SC
Z 8L )(UQ”- +VQ, )0 (hw - SQr.r)

Il
—_—
INRY)
+
el
|
<|\-|‘ r—
pM
H
<
Il
IR

S 1 N+ VE o+ ukkaw]{ 1 (735)2 } 1}
“lz2tg" 2138 - 2u+ — + 516 (hw - S
[4 8 S Z:; E 45y 26X +70s-2u| 2 ( )
S 1 7JS 7] 1
- (Z = 0.1545) 52?_[_6(% 8 )= 040452%[‘]‘ (-5 ) (s _ E) (62
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Besides, SC ML SWs have smaller excitation energies such that £ Qx ~ 0.2130JS [Eq. (7) and Fig. 1(c2)], and therefore they
further overestimate a two-magnon scattering intensity in S(Qx r, w) [see Fig. 2(al)] as

S(QXI’ w) = VQux uQx.K+Qx.K+Qx.r(uQx.KVQx.K+Qx.K+Qx.r + VQxk UQX.K+QX.K+QX.F)6 (hw - ‘;ZC;K - ‘Z"(SQCx,KJer,KJer,]-)
i (113S)?
= VQxx U-Qxx (uQx.KV—Qx.K * VQxx U_QX.K)é (hw - SZC;’K ?c(:gx K) = W
Qxx "~ —Qxk
On the other hand, the SC-MWDI S\N—ground-state dynamic structure factor is evaluated as

s“’(q,w)zzﬂi f 6S‘(t)6Sﬂ> dolgt = — f S Y >O detdt; 651 = S} - (SL), (S64)

(o -55, ~5%,,). (69

o o
S(q,w) = oL Z Z kaw ey +7Qxk+q (Ukey Ve, +7Qx c+a T+ Vi, o Uk, +7Quc +q)0 (ha) S,ksc W"Svi”QXKW)
+ =0+ v=1
S 2AAYE +(C)5F ~
+ Z 1- % Z(UTQX K+q + VTQX K+q) 5(71(1) T%CxK'HJ)
S|, AAC-©pC -
.3 [1 -2 O g - v - 7). (S65)

Notethat (A);“ = S. The expression (S65) |ooks the same as (S61) except for (AY;, (C)*, and & instead of (A)FE, (C)5C,
and £;C, respectively.

The H(2)-driven o(sY) self -energy f(o)(k' éic/h) causes a strong downward renormalization of the bare magnon energies
£2C at k* = +Qf and |k < & The thus-obtained DC MPSWs yield the scattering intensities

2<ﬂ)8 C+(C)

S 2 1
S(q, w) = " [1 - T} Z (UTQX,K+Q + VTQX,K+Q) Im ~DC : : (S66)

= ho =825, q ~2O0@Qxk + g w +i€) +ihe

at o = QFand % < || < @ and
s 2ANGC —(C)g° 2 1
S(qsw):—z [1—_ 025 0_}(Uq—Vq) Imhw—égc—f(o)(q;w+ie)+ihE (S67)
a g = +Qf and QF < | < QZX to successfully reproduce the DMRG calculations, as are illustrated with vertical arrows in
Figs. 2(b1’) and 2(c1) and in Flgs 2(b2') and 2(c2), respectively. This is not the case with SC MPSWs. £.¢ owes its strong
downward renormalization at k* = +Qk and [K* < QZX to the cubic-interaction-driven self-energy correction 2(0)(k DC/h) (<0
surpassing the quartic-interaction-driven one 2(10)(k:) (> 0) in magnitude [Fig. 3(a2”)]. These self-energy corrections cancel out

each other at K* = +Q and [K* < Q—Z; under the SC condition [Fig. 3(b2”’)]. There is no downward renormalization of the bare
magnon energies &, with MWDISWs either, whether SC or DC conditioned. Variationally interacting SWs are totally ignorant
of cubic anharmonicities.

S3. DOUBLE-CONSTRAINT VERSUS SINGLE-CONSTRAINT MODIFICATION SCHEMES

The DC modification scheme retains the local U(1) symmetry without spoiling the ground-state energy in the SC modification
scheme. Let Hyam be either HC or HPS . Then the MSW ground-state energy Eg is written as (Hnam)o = Y2, E™ +

harm harm*
pL(S =6+ 3) (MLSWSs) or (Hrambo + 6ELD + 6ES (MPSWs), where 5 (S34) serves to optimize the ground-state energy, while
the perturbative corrections to first order in H© (S40) and second order in H (2) (S39) are given by

(Bo)o + (1)0)0] 005y -6

oEY = (HO) =L ) {[ ((A00)* + ((B)o)® + (Do) = (2A)0 + (Cho) =

o=[l.L

— (XA - (Cho) ; (S68)

(B:)0 = (Dso ((300 _ (B +(Ds)o

Bo‘ - o
. . )COSQx,K 6 — (Br)o — (D )o}

4

N o0 _—
(5E§O) — l_[ l_[ Z =0 v=1 o 0 _ ZN: ZN: 6lA 1+ (kvo" Vo k, s kv’,o”) |2. (869)

7=0,+ u=1 nk,‘LT:O N k —&_ kyo—ky 0 ék .
(511 S Moy #0) = >0 B,

0’=0,+v'=10=0,+ v=1
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FIG. S1. MSW ground-state energies Ey = (Hnam)o = Y21 E™ +
puL(S =6+ 3) (MLSW) and Eg = (Hham)o +0E{” + 6ES (MPSW)
under the SC (7) and DC (9) modification schemes for S = 1 at

N = 24 (a) and inthe N — oo limit (b). The optimal values of 6 in
the DC scheme (S34) areindicated by arrows, whereas those in the
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FIG. S2. DC-MSW findings as functions of &, together with SC-
MSW findings just for reference, for the static structure factors
S(Qxx) (@) and S(Qxr) (b) in comparison with the DMRG esti-
mates [14] as criteriafor S = % at N = 24. The optimal values of §
in the DC scheme (S34) determined in Fig. S1 are again indicated
by arrows.

SC scheme are always zero.

We plot Eg asafunction of § in various manners of modifying SWsin Fig. S1. Whilejust adding the second constraint condition
in (S34) to the conventional constraint condition (S19) causes arise in the ground-state energy, further tuning up the first onein
(S34) with respect to § cancels out this energy cost.

We further understand the necessity of boson number tuning in the DC modification scheme when we observe DC-MSW
calculations of the structure factor in more detail. SC MLSWs describe the scattering intensities at Qx x and Qx r as (S62)
and (S63), respectively, and these descriptions turn out to be such overestimates as Figs. 2(al) and 2(a2), respectively. Their
DC-MLSW replacements are such improvements as Figs. 2(b1) and 2(b2) and further developed DC-MPSW calculations are
even better than them as Figs. 2(b1’) and 2(b2’), when we rely upon the DMRG findings Figs. 2(cl) and 2(c2). In order to
demonstrate how important the tuning of the first constraint condition isin this context, we show in Fig. S2 DC-MSW findings
as functions of § for the static structure factor S(q) = fow S(q, w)dw a Qx x and Qxr in comparison with DMRG estimates
[14]. SC-MSW findings are terrible overestimates. DC-MSW estimates without tuning the total number of emergent bosons
remain too large, but they can well hit the DMRG calculations at the end, if pertinently tuned.

The DC modification scheme really makes subtle observations when supplemented by perturbative corrections. Thisis not
the case with the SC modification scheme. In order to contrast them in more detail, it is aso worth while comparing the
single-CLSW excitation spectrum (5) and double-CL SW excitation continuum band .4 = kg +Ek g (Fig. S3), though no
perturbative correction is available there. The lower boundary of &4 is analytically available as

N = €Qrr ( QF’ kK= QF)
Q5. 7Q)) T E(lk-Q5.£Q%) = E(k—Q5.=QY)
o o T <eean (K= QF <K< Q})

Sk;‘Imin(k) = (870)

Qx
EQ Q) + Ele-Q A Q) = E(e-QE 7 Q) < E(exQ) (kx +Qg. K<
QZ

EQLQY + Elle-QF Q) = E(e-QLxQ)) = ke Q)) (kx =+Qg, — <K< Qz)

The CLSW spectrum contains three Nambu-Gol dstone modes to be buried in its pair exci tation conti nuum (Fig. S3). Modifying
CLSWs causes a hardening of their dispersion such that 0 < sS% . < o <&y < &%  [Figs 3(al) to 3(b2)], and
therefore any MLSW spectrum is no longer completely buried in its pair excitation conti nuum DC MLSWSs have larger gaps

than SCMLSWsingenerd, 85 <& and&3, < 398 , and therefore succeed in yielding such subtle observations as are

illustrated with vertical arrowsin Figs. 2(b1’) and 2(b2’). On the other hand, having in mind that vg, , = \/ﬁ JSa < V7JSa=

V@, DC MLSWswith & ~g¢] < 5D§?X are stabler than SC MLSVVSWlthe < si’?c i.e., thesingle-DC (SC)-MLSW branch

comes below the lower edge of the double-DC (SC) -MLSW continuum |n a major (minor) part of the Brillouin zone (Table
S1). That is why under the successful DC modification scheme, the inequality condition of bare magnons being kinematically
unstable towards decays into pairs of other magnons occupies a part of the Brillouin zone far smaller than the region of the
lowest-order self-energy corrections to bare magnons having an imaginary part, implying a novel mixed instability.

In sum, only when doubly constrained and perturbed, SWs succeed in revealing such complicated dynamics S(q, w) as a

consequence of cubic dominant anharmonicities at the zone boundaries (k?, +Qg ) with [k*| < % [Fig. 3(a2"”)]. MLSWsmiss an-
harmonicities. MWDISWSs are still ignorant of cubic anharmonicities. SC MPSWs |eave their cubic and quartic anharmonicities
to cancel out each other [Fig. 3(b2”)]. Besides these, SC MSWs all fail to give reasonable gaps at the zone center and corners
and therefore end up with too strong S(q, w) intensities at the zone boundaries [Figs. 2(al) to 2(al”’) and 2(a2) to 2(a2”)]. DC
MSWs are generally much better than SC M SWs at describing magnon hardening effects[Figs. 2(b1), 2(b1"), 2(b2), and 2(b2")].
In Table S2 we summarize to what extent various M SW schemes are successful in describing three major properties.
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FIG. S3. CLSW dispersion (5) in comparison with its double-
excitation continuum Ey..q = Bk, g tEE g forS = % intheN — o
limit, which is shown in the same format as Figs. 3(al) to 3(b2’)
S0 as to be easy to compare. The CLSW spectral function reads
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TABLE S1. The shaded regions in Figs. 3(al”’) to 3(b2”), where
every MLSW excitation is unstable with itsenergy &;, exceeding the
minimum of the two-magnon continuum gk;q = 5%+q + 5%74 [see
Figs. 3(al) to 3(b2)].

k= Qr K= +Q)

Z
<1 %‘ < 0.4479
bis

Z
SCMLSW  0.2083 < ‘%

ak?

Z
DCMLSW 0.6771 < ‘% <1 —‘ < 0.2812
b b

TABLE S2. Assessment of various MSW descriptions.

Scheme (to which order in what manner) magr?c?r? k(l::r'?jt:rrli ng magr?c:]r? k?grrc?gi ng ;%r;?nt])gginc?ﬁr GXG
MLSW (harmonic) insufficient insufficient missing
SC  MPSW (perturbed) insufficient insufficient cancel out
MWDISW (variational) underestimate overestimate insufficient
DC MLSW (harmonic) sufficient sufficient missing
MPSW (perturbed) sufficient sufficient sufficient
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